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We discuss the optical conductivity of several non-interacting two-dimensional (2D) semiconduct-
ing systems focusing on gapped Dirac and Schro¨dinger fermions as well as on a system mixing
these two types. Close to the band-gap, we can define a universal optical conductivity quantum of
σ0 =
1
16
e2
~ for the pure systems. The effective optical conductivity then depends on the degeneracy
factors gs (spin) and gv (valley) and on the curvature around the band-gap ν, i.e., it generally reads
σ = gsgvνσ0. For a system composed of both types of carriers, the optical conductivity becomes
non-universal.
PACS numbers: 78.67.-n, 78.68.+m, 73.20.-r, 78.90.+t
I. INTRODUCTION
Suspended graphene absorbs 2.3% of the incom-
ing energy flux over a broad frequency region rang-
ing from the far-infrared to the visible regime of the
spectrum.1,2 The numerical value is obtained from
the universal constants piα where α ≈ 1/137 de-
notes the fine-structure constant which is related
to the universal optical conductivity of graphene,
σ = e
2
4~ .
3–7 The universality is due to the cancel-
lation of the Fermi velocity that appears in the
density-of-states as well as in the band-overlap.
This cancellation is exact within the Dirac model,
but also approximately holds in the visible regime
where trigonal warping effects need to be taken
into account.8 And even vertex corrections due to
electron-electron interactions hardly change this
universal behavior.9–11
Recent absorption experiments on InAs-
monolayers show an absorption of A = piαF
with the local field-correction F = 4(1+ns)2 due
to the substrate with refractive index ns.
12 This
translates into an effective optical conductivity
of σ(ω ≈ ω∆) = e24~ for transitions close to the
frequency that corresponds to the band-gap, ω∆.
There thus seems to be a universal absorption and
optical conductivity in two-dimensional systems,
respectively, independent of whether they are
composed of chiral and gapless Dirac or gapped
parabolic Schro¨dinger electrons.
In this work, we shall investigate this intriguing
universality in more detail and our results can be
summarized as follows. One can define a minimal
universal optical conductivity σ0 =
e2
16~ giving rise
to an absorption quantum A0 = pi4α that should be
observable, e.g., in 3D topological insulators.13,14
The general optical conductivity and absorption is
then given by σ = gsgvνσ0 and A = gsgvνA0, re-
spectively, where gs and gv denote the spin and val-
ley degeneracy and ν defines the curvature around
the band gap, v,c ∼ |k|ν .
The optical conductivity per channel of a
gapped system consisting of parabolic Schro¨dinger
Fermions is thus σchannel = 2σ0 and twice as large
as the one of a gapless system like graphene with
σchannel = σ0. But for gapped Dirac Fermions,
one also obtains σ(ω ≈ ω∆) = 2σ0, so that for a
gapped system the optical conductivity per chan-
nel is σchannel = 2σ0 independent of the chiral na-
ture of its carriers. This equivalence is a necessary
condition since for a large gap as, e.g., present in
MoS2, the Hamiltonian can either be written in
terms of Pauli-matrices15 or in terms of parabolic
Schro¨dinger fermions16 used for typical semicon-
ductors.
The paper is organised as follows. In Sec. II,
we will first generalize the formulas for the con-
ductivity for chiral (Dirac) fermions with arbi-
trary curvature ν. In Sec. III, we then derive
the conductivity for Schro¨dinger Fermions. In Sec.
IV, we will treat the hybrid system of Dirac and
Schro¨dinger electrons which can be experimentally
obtained in the case of transition metal dichalco-
genides (e.g., MoS2) or mercury telluride quantum
wells (Te(Cd)Hg). We close with conclusions and
an outlook.
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2II. CONDUCTIVITY OF CHIRAL DIRAC
ELECTRONS
We discuss the optical conductivity per channel
using the Kubo formula17
σij(ω) =− ie
2
(ω + i0)A
∑
m6=n
nF (m)− nF (n)
~ω − m + n + i0
(1)
× 〈m|vi|n〉〈n|vj |m〉+ σijdia ,
where n,m label the eigenstates of the correspond-
ing Hamiltonian and A denotes the area of the sys-
tem. The conductivity also contains the diamag-
netic contribution σijdia ∼ δij which will be discuss
in more detail in Sec. IV B. As we shall see there,
Dirac fermions do not contribute to the diamag-
netic current which is entirely due to Schro¨dinger
particles. The velocity operator is given by
v =
i
~
[H, r] =
∂H
∂p
. (2)
For T = 0, the real part of the longitudinal op-
tical conductivity can then be written in the fol-
lowing form:
Reσii(ω) = Dδ(ω) + Reσiireg(ω) (3)
where D denotes the Drude weight18 and the reg-
ular part is given by
Reσiireg(ω) =
16piσ0
ωA
∑
m6=n
〈m|vi|n〉〈n|vi|m〉 (4)
× (nF (m)− nF (n)) δ(ω − (m − n)/~)
where we introduced the optical conductance
quantum
σ0 =
1
16
e2
~
. (5)
In the following, we will only discuss the longitu-
dinal conductivity and will thus drop the super-
indices σii → σ.
A. Hamiltonian
Let us investigate a model Hamiltonian of chiral
massive electrons
H = γ
(
∆/2 (kx − iky)n
(kx + iky)
n −∆/2
)
. (6)
For γ = ~vF (n = 1)and γ = (~vF )2/t⊥ (n =
2), this is the effective low energy Hamiltonian
for single and bilayer graphene with ∆ = 0,
respectively.19 The eigenenergies are given by ±k =
±γ√k2n + (∆/2)2. For massive chiral electrons
(∆ 6= 0), we thus have ±k ∼ ±k2n (ν = 2n);
for massless chiral electrons (∆ = 0), we have
±k ∼ ±kn (ν = n).
The spinor eigenvectors are given by
|k,+〉 =
(
cosϑ/2
sinϑ/2einφ
)
, (7)
|k,−〉 =
(
sinϑ/2
− cosϑ/2einφ
)
, (8)
with cosϑ = ∆√
4k2n+∆2
and φ the angle between k
and the x-axis.
The response function of the above Hamiltonian
has been discussed extensively in the literature for
the special cases n = 1, 2, 3.4,5,20,21 Still, we are un-
aware of any publication that emphasizes on the
general case n with respect to the universal ab-
sorption quantum. The following formulas are thus
generalizations of what has already been presented,
previously.
B. Drude weight
Let us first discuss the intraband contribution
to the optical conductivity. This is most directly
done within the density-density response function
since no potential contribution due to the diamag-
netic term needs to be taken into account. In the
local approximation (q → 0), there is no chiral
band-overlap22 and the density-density correlation
function per channel can be approximated for gen-
eral isotropic dispersion as
χρρ =
1
(2pi)2
∫
d2k
nF (
s
k)− nF (sk+q)
~ω + sk − sk+q
, (9)
where a summation over the band-index s = ± is
implied. In the limit q → 0, this becomes
χρρ =
1
(2pi)2
∫
d2k
(
−∂nF (
s
k)
∂sk
)(∇sk · q
~ω
)2
.
(10)
With the Fermi frequency ωµ = 2µ/~ and gap fre-
quency ω∆ = γ∆/~, the Drude weight defined by
D = pie2 limω→0 ω
2
q2 χρρ is then given at T = 0 by
D = 2nσ0ωµ
(
1−
(
ω∆
ωµ
)2)
. (11)
C. Interband transitions
For interband transitions, we need to evaluate
the matrix elements involving the velocity opera-
3tor. After integration over the angle, one obtains
1
2pi
∫ 2pi
0
|〈k,+|vi|k,−〉|2 =
(
nγkn−1
~
)2
1 + cos2 ϑ
2
.
(12)
This yields the following real part of the conduc-
tivity
Reσreg(ω) = nσ0
(
1 +
(ω∆
ω
)2)
θ(ω − ωmax) ,
(13)
with ωmax = max(ωµ, ω∆).
The imaginary part is modified by the same fac-
tor. This yields the following expression:
Imσ(ω) =
nσ0
pi
(
1 +
(ω∆
ω
)2)
ln
ω − ωmax
ω + ωmax
.
(14)
D. Full conductivity
We can now present the general formula of the
longitudinal conductivity for the above model, in-
cluding the degeneracy factors for the spin and val-
ley degrees of freedom. This yields
σ(ω) = ngsgvσ0
[
2ωµ
(
1−
(
ω∆
ωµ
)2)(
δ(ω) +
i
ω
)
+
(
1 +
(ω∆
ω
)2)(
θ(ω − ωmax) + i
pi
ln
ω − ωmax
ω + ωmax
)]
.
(15)
The influence of finite temperature can be
included6–8 and by broadening the delta-function,
one can also treat damping effects in a phenomeno-
logical way. With ωT = 2kBT/~, we obtain the
following expression:
σ(ω) = 2ngsgvσ0
[ iωT
ω + iγτ
1
pi
ln
(
(e(−ωµ+ω∆)/ωT + 1)(e(ωµ+ω∆)/ωT + 1)
)
+
1
4
(
1 +
(ω∆
ω
)2)
(16)
×
(
tanh
ω + ωmax
2ωT
+ tanh
ω − ωmax
2ωT
+
i
pi
ln
(ω − ωmax)2 + ω2T
(ω + ωmax)2
)]
,
where ωµ = 2µ/~, ω∆ = γ∆/~ and ωmax =
max(ωµ, ω∆), as defined above. Further, we in-
troduced the damping rate γτ = 1/τ with τ the
electronic relaxation time.
E. Universal absorption
For a two-dimensional layer, the absorption can
be defined as
A = Wa
Wi
, (17)
where Wi,Wa are the incoming and absorbed en-
ergy flux, respectively. The absorbed energy flux
is related to the average power dissipation in the
layer which is proportional to the product of the
local electric field at the graphene layer and the
induced current. In Fourier space, these two quan-
tities are related by the conductivity via j(ω) =
σ(ω)E(ω), and we have Wa = Reσ(ω)|E(ω)|2.
For incident light in air, the local electric field
amplitude at the two-dimensional interface is given
by |E| = (1+r)|E0| where E0 the incident field and
r the Fresnel reflection coefficient at the interface.
With the incoming flux of a linearly polarized wave
Wi =
0c
2 |E0|2, the general graphene absorption
can then be written as
A = |1 + r|2 Reσ
0c
. (18)
This formula holds for an arbitrary multilayer sub-
strate. For a single interface with t = 1 + r the
Fresnel transmission coefficient, we have t = 21+ns
with ns the refractive index of the substrate.
For transitions at the band gap at T = 0 and
γτ = 0, we thus obtain the universal absorption to
4be
A = gsgvν|1 + r|2A0 (19)
with the absorption quantum A0 = piα/4 and
α ≡ 1/137 the fine-structure constant. With ν,
we again denote the dispersion close to the band
edge which is ν = 2n for ∆ 6= 0 and and ν = n for
∆ = 0.
With ν = 1, gs = 2 and gv = 2, we obtain the
well-known absorption of A = piα for suspended
graphene, whereas with ν = 2, gs = 2 and gv = 1
and (1+r) = t = 21+ns with ns the refractive index
of the substrate, we obtain the final result of Ref.
12, i.e., the absorption of a InAs-monolayer on top
of a dielectric.
Eq. (19) represents the basic result of this work.
To demonstrate that the same result is also ob-
tained for Schro¨dinger electrons, we will calculate
the optical conductivity based on a general k · p-
model in the next section.
III. ABSORPTION IN A
SEMICONDUCTOR
In this section, we will consider a general semi-
conductor with H0 =
p2
2m0
+ V (R) where p =
−i~∂R and the periodic potential V (R) = V (R+
ai) along the lattice constants ai.
A. Basic model
From Bloch’s theorem, we can write the wave
function as ψk(R) = e
ik·Runk(R) with k denoting
the Bloch wave vector. The effective Hamiltonian
for the periodic function unk(R) = unk(R+ ai) is
thus given by
Hk·p(k) = H0 +
~
m0
k · p+ ~
2k2
2m0
. (20)
This Hamiltonian shall be represented within a
minimal basis set consisting of |s〉 for the con-
duction band and |pi〉 for the valence band with
i = x, y, z which correspond to the Bloch func-
tion unk at k = 0. To model dichalcogenides,
the relevant bands would be mainly formed by d-
oribtals with a small influence of p-orbitals.23–25
With 0(k) =
~2k2
2m0
and 〈s|p|pi〉 ≡ im0~ P , we can
thus write Hk·p(k) = c + 0(k) iPkx iPky iPkz−iPkx v + 0(k) 0 0−iPky 0 v + 0(k) 0
−iPkz 0 0 v + 0(k)
 .
(21)
The valence band splits into a light hole with en-
ergy lh(k) =
1
2 (c + v) + 0(k) −
√
E2g/4 + P
2k2
and a doubly degenerated heavy hole with energy
hh = v + 0(k) where Eg = c − v. The en-
ergy of the conduction band is renormalized to
e(k) =
1
2 (c + v) + 0(k) +
√
E2g/4 + P
2k2.
Let us neglect the degenerate heavy hole band
and approximate the other two bands for small k.
This yields
e(k) = c +
~2k2
2m0me
, lh(k) = v − ~
2k2
2m0mlh
,
(22)
with the effective (dimensionless) masses m−1e =
EP /Eg + 1 and m
−1
lh = EP /Eg − 1 where EP =
2m0P
2/~2. The reduced mass is thus given by
m−1e +m
−1
lh = 2EP /Eg which is the crucial relation
in order to obtain a universal optical conductivity
for 2D semiconductor.
B. Transition matrix element
For the optical conductivity or absorption, we
need to evaluate the transition matrix element
〈ck|e0 · p|vk′〉 where we only consider transitions
from the valence (v) to the conduction (c) band.
e0 denotes the direction of the linearly polarized
incident light. Using the above model, the full
wave function is the product of the envelope func-
tion with the Bloch function at k = 0, ψk(R) ∝
χk(R)uk=0(R). The envelope function varies over
a much longer scale than the unit cell and we can
approximately write
〈kc|e0 · p|k′v〉 ≈ e0 · pc,v(0)
∫
χ∗ck(R)χvk′(R)d
3R
(23)
For a quantum well, the envelope function can be
written as χn(r) = A
−1/2eik·rφn(z). For these
systems the matrix element reads
〈knc|e0 · p|k′mv〉 ≈ e0 · pnc,mv(0)δk,k′ (24)
×
∫
φ∗nc(z)φmv(z)dz ≡ pnc,mvδk,k′〈nc|mv〉 .
C. Conductivity
We can now discuss the real part of the conduc-
tivity of a 3D semiconductor which is given by
Reσreg(ω) ≈ pie
2
m20ω
|pcv|2 gsgv
V
∑
k
× δ(c(k)− v(k)− ~ω) . (25)
5Inserting the specific envelope function, the 2D
version then reads
Reσreg(ω) ≈ pie
2
m20Lω
|pcn,vm|2|〈cn|vm〉|2 (26)
× gsgv
A
∑
k
δ(c,n(k)− v,m(k)− ~ω)
where the energy bands for small k can be approx-
imated by b,n(k) = b ± b,n ± ~2k22m0mb,n and the
upper and lower sign stands for the conduction
(b = c) and valence (b = v), respectively. With
the joint density-of-states
gsgv
A
∑
k
δ(c,n(k)− v,m(k)− ~ω) = (27)
gsgvm0mnm
pi~2
θ [~ω − (Eg + c,n + v,n)]
where m−1nm = m
−1
c,n + m
−1
v,m and Eg = c − v the
energy gap, the absorption shows a step-like behav-
ior as function of the photon energy as more and
more transitions from different sub-bands are in-
volved. The height of these steps is quasi-universal
if we assume pcn,vm = im0P/~, 〈cn|vm〉 ≈ 1 and
~ω ≈ Eg:
∆Reσ =
gsgve
2
8~L
≡ gsgv2σ0
L
(28)
Apart from the geometrical factor L, this is the
same result as for graphene, and has already been
noted and discussed in Ref. 26. But note that
only transitions at the Γ-point, i.e., one valley with
gv = 1, are involved. We have twice the absorption
of graphene per channel, consistent with the fact,
the the curvature around the band gap is given by
ν = 2.
D. Fermi’s Golden rule and absorption
We can also discuss the absorption using Fermi’s
Golden rule which is an alternative way to the
procedure outlined in Sec. II E. For the Hamil-
tonian H0 =
p2
2m0
+ V (R), the Peierls substitution
p→ p+ eA(t) leads to a paramagnetic as well as
to a diamagnetic perturbation, Hpar =
A·p
m0
and
Hdia =
A2
2m0
, respectively. The contribution of the
diamagnetic term does not contribute at finite fre-
quencies. Parameterizing the gauge potential as
E(t) = −∂tA = E0 cos(ωt), the time-dependent
perturbation thus reads V (t) = eE0im0ωp · e0 sin(ωt)
where we defined E0 = e0E0. If we only consider
transitions from the valence band v(k) to the con-
duction band c(k), the absorbed energy obtained
from Fermi’s Golden rule is obtained as
Wa
E20
=
pi
2
e2
m20ω
gsgv
V
∑
k
|〈k, c|e0 · p|k, v〉|2 (29)
× δ(c(k)− v(k)− ~ω) .
We thus obtain the following absorption for the
(suspended) system:
A = gsgv2A0 (30)
Again, we read off the band-curvature to be ν = 2
and with gs = 2 and gv = 1, this agrees with the
absorption A = piα of suspended graphene where
gs = gv = 2 and ν = 1.
IV. HYBRID MODEL OF DIRAC AND
SCHRO¨DINGER FERMIONS
Let us finally investigate a model Hamiltonian of
chiral massive electrons with a k-dependent mass
term:
H = E0 +αk
l+γ
(
∆/2 + βkm (kx − iky)n
(kx + iky)
n −∆/2− βkm
)
.
(31)
To be more general, we also included a constant
shift E0 as well as an isotropic k-dependent po-
tential. The eigenvalues are given by k = E0 +
αkl ± γ√k2n + (∆/2 + βkm)2. The spinor eigen-
vectors are again given by Eq. (7), but this time
with cosϑ = ∆+2βk
m√
4k2n+(∆+2βkm)2
. The velocity ma-
trix now also has non-diagonal entries. After inte-
gration over the angle, one obtains
1
2pi
∫ 2pi
0
|〈k,+|vi|k,−〉|2 = 1
2
(
nγkn−1
~
)2
(32)
×
(
1 +
(m
n
βkm−n sinϑ− cosϑ
)2)
.
A. Dissipative response
Let us discuss the real part of the conductivity
due to intra- and interband contribution and con-
sider two special cases where m = n and m = 2n.
Again, we do not have to make explicit reference
to the diamagnetic current by using Eq. (10) and
the continuity equation, valid only for the real -
paramagnetic plus diamagnetic - current. Still, in
the subsequent subsection, we will also discuss the
diamagnetic current for the general model.
Regarding the Drude weight, D, we will only
present results for the special case E0 = α = 0
even though for l = m, the calculation of D is
straightforward for the two special cases. But the
6full expressions are lengthy and one does not gain
much insight. The results for Reσreg, though, hold
for the general model with arbitrary l and we will
express the results with respect to the dimension-
less frequency Ω = ω/ω∆.
For m = n, we have the following Drude weight
per channel (E0 = α = 0):
D
2mσ0ωµ
= 1− ω
2
∆
(1 + β2)ω2µ
(33)
×
(
1 + β
√
(ωµ/ω∆)2 − 1 + β2
)
.
For the real part of the regular conductivity, we
obtain the following result:
Reσreg
mσ0
=
(
√
Ω2 − 1 + β2 − β)(1 + Ω2)
(1 + β2)
√
Ω2 − 1 + β2 θ(ω − ωmax) ,
(34)
with ωmax = max(ωµ˜, ω∆) and ωµ˜ = 2µ˜/~ where
we introduced the shifted chemical potential µ˜ =
|µ − E0 − αklF | and kF denotes the Fermi wave
vector (kF = 0 for half-filling). Interestingly, there
is no optical conductivity and thus no optical ab-
sorption for transitions at the band-edge and half-
filling.
For m = 2n, we have the following Drude weight
per channel (E0 = α = 0):
D
2mσ0ωµ
=1 +
ω2β
ω2µ
(
1 + 2∆β − (1 + ∆β) (35)
×
√
1 + 2∆β + (ωµ/ωβ)2
)
,
where we defined ωβ = γ/β/~. Including temper-
ature, we obtain the same expression as for β = 0
to first order in kBT , given in Eq. (16).
For the real part of the regular conductivity, we
obtain the following result first derived in Refs.
27–29 for n = 1:
Reσreg
mσ0
=
θ(ω − ωmax)√
1 + 2∆β + Ω2
(
1 +
1 + 2∆β
Ω2
[
1 + ∆β
(36)
−
√
1 + 2∆β + Ω2
])
At the band-edge and for half-filling, this becomes
Reσreg(ω = ω∆) =
2nσ0
1 + ∆β
. (37)
There is thus a non-universal absorption depend-
ing on the product of the band-gap ∆ and the mix-
ing parameter β. For parameters of MoS2,
15,25,30
we obtain ∆β ≈ 0.84 and thus σ ≈ σ0. There
is thus a clear difference modelling MoS2 with or
without the mixing parameter β in the optical
bulk absorption. We note, though, that for the
true absorption of MoS2,
31 excitonic effects are
important which are neglected in this one-particle
approach.32,33
For parameters of Te(Cd)Hg-quantum wells, we
obtain ∆β ≈ 0.04 and there is thus only a negligi-
ble effect of the mixing parameter on the universal
absorption. Still, we see that the optical conduc-
tivity is enhanced in the topologically non-trivial
phase ∆ < 0 in which the optical conductivity even
diverges for ∆β → −1.27–29
B. Diamagnetic current
In order to complete the discussion, we will also
calculate the diamagnetic current for the general
model of Eq. (31). It is given by
Jdia(r) = −e〈ψ†(r)vdiaψ(r)〉 , (38)
where the field operator ψ(r) is defined as usual
and the diamagnetic velocity operator is obtained
from Eq. (2) via the Peierls substitution k→ k +
e
~A as the operator linear in the gauge field, A.
When averaging over the ground-state, no con-
tribution from the non-diagonal chiral part arises
due to angular integration of the integrant e±inφ.
Only Schro¨dinger electrons thus contribute and
one finds
Jdia = − e
2A
4pi~2
[ ∫ kF
0
dk
(
αl2kl−1 + γβm2km−1 cosϑ
)
+
∫ Λ
0
dk
(
αl2kl−1 − γβm2km−1 cosϑ) ],
(39)
where kF is the Fermi wave vector in the conduc-
tion band corresponding to the chemical potential
µ, and Λ is a wave vector cutoff in the valence band
which can be related to the carrier density of the
undoped system.
Let us again emphazise that there is no dia-
magnetic current for pure chiral fermions inde-
pendent of n (for n = 1, this statement would
be, of course, trivial). This peculiarity does not
lead to a violation of the f -sum rule which in
tight-binding models connects the spectral weight
to the diamagnetic term and is a consequence of
charge conservation.34–36 With respect to contin-
uous models, this has been discussed for single
layer37 as well as of twisted bilayer38 graphene and
yields a spectral weight proportional to the band
cutoff Λ. The sum rule of the continuous hybrid
model of Dirac and Schro¨dinger electrons shows a
logarithmic dependence on the band cutoff, ln Λ.39
7V. CONCLUSIONS
We have discussed the optical response of
general two-band models and have argued that
a universal optical conductivity can be defined
for two-dimensional systems which are composed
of pure Dirac (chiral) or Schro¨dinger electrons.
For hybrid systems, present in HgTe/(Hg,Cd)Te-
quantum wells or MoS2, we find non-universal be-
haviour.
Our results point at an intriguing interplay of
light-matter interaction which deserves further at-
tention. Since the fundamental light-matter cou-
pling is defined by the fine-structure constant α,
one would naturally expect the absorption of 2D
systems to be proportional to this constant since
the scattering rate is governed by α. Still, an open
question remains why the prefactor pi/4 appears
in the absorption quantum A0 and whether it is
related to some more fundamental (geometrical)
relation3 or even to the correction of the g-factor
which is α/2pi.40
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